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The Schrodinger equation and symmetries
ﬁT(rl, e Iy) = E¥Y(ry,...,1)

VgeG: [§,H] =0 = eigenfunctions of A transform according to
IRs of G.

Molecular states
Born—-Oppenheimer approximation (small parameter = \/m, /m,, ):
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Electronic energy in the BO approximation

Nuclei are considered as classical particles; for givenr?, ..., rY the
Schrodinger equation for electrons is solved; the absolute minimum
E; withrespecttor), ..., r} yields the equilibrium configuration of
the molecule (up to the translation of all particles by the same ér and

rotation of the molecule).

Molecular vibrations
n-atomic molecule:

» 3n translational degrees of freedom in total;
» 3 degrees of freedom (DoF) of the center of mass;

» 2 rotational DoF for n = 2 or a linear molecule with n > 2
(e.g.,CyH») or 3 rotational DoF for a non-linear molecule (n > 2);

» As the result: # of vibrational DoF /,, =3n—-50r3n -6



Electronic energy can be considered as the potential energy with resp.
to the positions of nuclei. Potential minimum for the equilibrium
configuration = harmonic potential with resp. to small deviations

o rI,.V from the equilibrium.

Constraints:

1. iz lérN 0 excludes center-of-mass motion; this constraint

makes it natural, to set the origin of the co-ordinate system at the
molecule’s center of mass.

2. 6r§y[ea xrj.v] =0forallj=1,...,nand a = x, y,z excludes
rotational motion.

To a harmonic approximation (normal co-ordinates!)

Ev=) hoe(ve+}),  ve=0,12, ...

Some frequencies w, may be degenerate (depending on the symmetry
of the molecule).



Rotational energy
We set the origin of the co-ordinate frame to the center of mass,
Z;-lzl mjrj.v =0.

Moment of inertia tensor:

n
— N N —
Jap —ijrjarjﬁ, a,B=x,Y,2.
J=1
This symmetric tensor can be diagonalized by an orthogonal
transformation to main axes. Setting x, y, z along main axes:
51
Fap =2B, 0ap

Classical rotation energy: Er = 24y y ; BoJ?, where J, is a
projection of angular momentum J of rotating nuclei to the axis a.
Hamiltonian of a quantum rigid rotor:

A= > Boli  Ba=1B,

a=X,y,2



Symmetric rigid rotor

B.=B,=B,, B,=B|#B,
B+ +72=F
A, =B, ¥+ (B -B.)J?
Quantum numbers:

J=0,1,2,...; M=-J,-J+1,...,0,...,J-1,J;
K=-J,-J+1,...,0,...,J-1,J
Wave function (up to normalization) is a complex-conjugate Wigner

D-function: @ mk (0,0, x) = D1 (6,60, x) = e™M?al, (6)e'™X

K is the projection of the rotational angular momentum to the
molecular axis z; M is the projection to the lab (non-moving) axis Z.

E, =B,J(J+1)+ (B - B,)K?



Spherical rotor

B,=B,=B,=B
A, = BJ?, E,=BJ(J+1)
Dymk (6,0, x) = Dy (6.0, x) = e™MPdy,  (0)e™X

Linear / diatomic molecules
Two rotational degrees of freedom = two quantum numbers

J=0,1,2,...; M=-J,-J+1,...,0,...,J—-1,J.
Wave function is given by a spherical harmonic Y, (8, ¢),

E,=BJ(J+1)



Asymmetric rotor

All three By, By, B, are different.
We introduce

AL

N I s
JE@(insz), Jo=Ji

Podid +id 4l
A, = B,J* + B_(J}+J2) + (B, - B,)J2,
1
B. = E(Bx +By)
This Hamiltonian can be diagonalized numerically using

PO mk =T+ 1)@k, J2® K = K*®yyk,

Ttk = 3VIIT+D)-K(K+D][J(J+1) = (K+1) (K+2) @ prx 42

P20 mk = NI+ -K(K-D][J(J+1)—(K-1)(K-2)]®smKx-2



Hydrogen molecule

H; in rovibronic co-ordinates (centered at the center of masses)
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R = distance between the two nuclei; (x,y,z) = co-ord. of electrons.

Symmetry operations: e, inversion E*, permutation of two identical
nuclei (12), and (12)* = (12)E* = E*(12).



Permutation (12)

R' =R

0 =m-6, ¢ =¢+n

For electrons: 7" = -z, y' = -y, x’ = x;

since the co-ordinate system remains right-handed, only two
co-ordinates change the sign.



Inversion E*

=

P

~

R’ =R

0 =n-0, o =¢+nm

For electrons: z/ =z, y' =y, x’ = —x;

the transformed co-ordinate system is the same as after (12), but

electrons are inverted w.r.t. its origin = only one co-ordinate changes
the sign.



Molecular term for a diatomic molecule

A molecule, unlike an atom, has no spherical symmetry, []:2’ H ] #0.
Good quantum numbers: S?, L., L, + S, where L and S are
electronic orbital momentum and spin, respectively.

25+1 A
28 + 1 = multiplicity,

A=Z%,IIA,... corresponds to |L,| =0,1,2,... .
Degeneracy is 25+1 for  states and 2(25+1) for I, A, @, . .. states.

If spin-orbit coupling is important:
28+1
S+ AQ

Q=1L,+S,] (2-fold degeneracy for Q # 0)



Homonuclear diatomic molecules

2S+1A£i2,g/u

does no change

+ : electronic wave function its sign after E* .

changes

This notation is obsolete for IT, A, . . . states and applies for Z* and X~.

g = gerade, u =ungerade

. . doesnochange . .
& 1. electronic wave function £oes o change its sign after (12)".
u changes

H; molecule, as most of the diatomic molecules, has a fully
symmetric electronic ground state 12;.
There are few exceptions, e.g., O;: 32g‘ and NO: 21I.



Ortho- and para-hydrogen

Spin of the proton: i = 1/2.
I = 0 state:
(01,02/0,0) = \/% ((0'1|%,+%><0'2|%,—%> — (113, —%><0'2|%,+%>)
<0-19 0-2|09 0> = - <0—27 0-1|O, 0>
I =1 state:
(o1, 011,0) = L (], +5)onld, =1 + (ol =D (ol +D)
(o1, 0|1, +1) = (115, +5 )05, +3)
(o1, 0211, =1) = (1|5, =3)(02l5, -3
o1, 02|, M) =+ (02, 01|1, M;
( 11, Mp) = +¢ |1, Mp)
Fermi-Dirac statistics:

+|lPel>|\Pv>|lPr> s
_|‘Pel>|‘Pv>|Tr> s

(12)|¥er) W) |¥r) = { 5 (1)



The electronic state 12; is symmetric w.r.t. (12).

(12) changes only angular variables, but does not affect the vibrational
DoF in Hy, therefore (12)|¥,) = +|¥, ), regardless of the vibrational
quantum number v.

Duetothechange @’ =n -0, ¢’ =p+m  (12)|¥,) = (=1)7|¥,).
Jodd & I =1 (orthohydrogen)

J even & [ = 0 (parahydrogen)

D> molecule (i = 1, Bose—Einstein statistics)

Jodd & I =1 (para-Dy)

Jeven © I =0, 2 (ortho-D»)



