Examples of groups



Symmetric group

Cycles

Consider a certain permutation (of numbers from 1 to n) P:

ﬁ’k:mk

1 2 ... n
m mo ... My

Take certain mg from 1 to n:

BN

mo, my = Pmg, ... , mp=Pmp_1

We stop when m, equals one of the previously used numbers.
Namely, m, = mg (Prove it!)
mo, my, ... , Mp_1 comprise a cycle of length p.



Taking a number not belonging to the already constructed
cycle, we can create another cycle for the same P and so on.
For given IS, the numbers from 1 to n can be organized in cycles
in one and only one way. If Pmy = my then this cycle consists
of only one number.

Convenient notation: permutation as a product of cycles
(single-number cycles may be omitted, for the sake of brevity).

(123 4)=aaen
ﬁ:(; f i g):(1342)

(1532)=09

p

p



Conjugate permutations: QPQ!

~

Pm1 = mo

A

QPQ™(Qm1) = QPmy = Qmy
IfP= (IT'Il7 ce )

(my, ..., my;) then
QPQ 1 (le, ey Qmj)...(ém/, N @m/+;)

All conjugate permutations have the same structure of cycles.



Classes

All permutations of S, can be organized in classes with the
same structure of cycles.
Partition of an integer n:

n=h+h+--+] h>h>--->1

Graphically shown as a Young diagram.
# of classes = # number of partitions.

If two permutations belong to the same class, they are

conjugate.
If P = (ml, cee oy mj)...(m,, ey m,+,-),
and P'=(my, ..., mi)...(m), ..., m;) then
A my ... m;y ... m; ... my4
Q= / / / /
ml e mj DR ml CEE m/+l

provides conjugation.



Group SO(3) of rotations of 3D vectors

» SO(3) is non-Abelian

> Rotation is given by 3 parameters:
(i) 2 angles giving the axis direction + rotation angle
(ii) 3 Euler angles

Rotations to the same angle 0 < o < 27 around all possible
axes comprise a class.

Orthogonal group

0(3) = Z® SO(3)

Here 7 is the inversion group. Inversion commutes with all
rotations.



