I[11. Irreducible tensors

Subtle moment:

1) wave function Wy, (2) =< Q|JIM >.  Transformation after a rotation:

J N
<Q7|IM>=2 ,<Q[IM7><IM |exp (-iond) [IM>=

M =
J _ J
=3 M=y <@2IIMT>D7 (o By y) N

No other function can stand to the right!

N
2) multiplication operator O =¥, (2).  Transformation:

N . A . A J J
O =exp(-iond)0 exp(iond) = 2 M =3 T - (Q)D M,M(a,B,V)

A (ket) function is to stand to the right!

N NN\
dO/do = -in{JO}= The ang.momentum operator acts only on O, but not on a function
<« ) :
standing to the right of O.
NN NN N N
=—inJO+in0J=-in[J,0]
/ &/ This term compensates the unwanted action of J on a function to the right.

The ang.momentum operator acts both on O and a function
standing to the right of O.



If we consider a function ¥, (€2) not as a ket vector, but as a multiplication operator,

[3, ¥ @1= (3% @} <

Ang.momentum acts only on ¥;,,

In cyclic coordinates (covariant components):

j‘ il‘LPJM>:$\/J(J +1) _ZM (M il) “PJM il>, jO“PJM>: M ‘LPJM> Wave function

A _ n A -
[J +1,%¥am] :i\/\] (J+)) 2M (M£D) W z1, [Jo,Pm]=M ¥ (11.%) (I;/Iplélrt;tp;lrcanon

Definition. An irreducible tensor of the rank J is an object R, , whose 2J + 1 components
withM= -J,-J+1,...,J-1,J obeythe commutation rules

1
(L1 Myy] = ¢Tz_e*'3vf TF D) =M E1) My, [For Myg)= MRy

orinacompact form  [F,, Myy]=e" VI (T +1) CIuteNp,e
Prove that (32, Myy]=7 (J +1) Myy

The phase ¢ can be chosen arbitrary; to obtain a full analogy with (111.*), we take 6 = 0.



Another arbitrary phase: the common phase of all the components M.
We can choose it, such that (like the phase of spherical functions for J = L = integer)

(W)t = (=) M _y

For guantum-mechanical applications another choice of the common phase is convenient:

Fy=van, mmm)  (Fy) = —1)"YR,_y

The tilded operator is Hermitian
M= (o Mgy | @y = (Ca | (Myu)"| D)
Covariant and contravariant components:

m.r:;ef'gﬁ.mﬂge.m'mf

Covariant Contravariant
Basis of unit IR tensors of the rank J: €5 * €y ==07y/0 )

MY = (M) =(—1)""DM,_y,
@f = (‘;ﬁ.w)* == (—1 )J_Hé‘ﬁ.r—r

Contravariant Covariant



Transformation of IR tensors under rotation

It follows from the commutation rules defining an IR tensor that

gRJM' (X') =D (2) B, 7) gRJH'(x) [D (a, 8, PI™t= ;gﬁ.m' (X) Di’;p (z, B, 1)»

WMy (X ) =D (2, B, 1) Mypr (X)[D (2, B, V™= ; My (X) Dygar (2, By )

le., My (X) and ;)zm(x) transform exactly like a wave function ¥y, (©) .

Transformation of IR tensors under inversion ( ¢ —» -—r )
= D
T7) A x

gRS_“J) or 9 S“J) is (i) a true (polar) tensor, if the parity T, == ("""1)J

(ii) a pseudotensor (an axial tensor), if 7€, == (._.1)J+l



Prove that
(i) the radius-vector r is an IR polar tensor of the rank 1.

(i) the angular momentum operator is an IR axial tensor of the rank 1.

Note, that the rank of the angular momentum operator is always 1, regardless of the
quantum number J characterizing a particular system!

The angular momentum operator has only three cyclic components with
M=-1, 0, +1,

and so does the radius-vector.

How does the ang.momentum operator transform under inversion?



Direct product of two IR tensors of the ranks J, and J,:
(231 +1)(2J, + 1) components L:m.uf ERJ "

The direct product can be reduced, i.e., represented as a linear combinations of terms,
each of them transforming under rotations independently of the others:

Jl 'I:;Jz JM
m.rlmlgz.r,ﬂz — E chﬂllelfngM
J=|J—J, |

Irreducible tensor product is an IR tensor defined as

Prove that this object transform under

JM
EJM — E CJ,M,J.;M,C:’RJIﬂI%gﬂg rotations indeed as an IR tensor of the
MM, rank J.

Notation: ,={M;, QN,},
For the IR tensor product of tilded IR tensors a standard relation holds
Cou)" = (—0)""C - &= (DT, @ Ny, }uu)

But an IR tensor product of non-tilded tensors under complex conjugation does not
change in a way similar to its ,,factors”, i.e.

My = (—0F D, bt (Ca) ()T Sy



Commutator of the components of two IR tensors
Ry g, = [ Mg, R, 1= My, R, — R, Mo o,
Commutator of an IR tensor product
=My @ N, )y — (1) {RN, @M, x4
The factor (—-1)"'1"“JEI =7 in front of the second term stems from
Ca¥ o= (—1)o+o-e ng aa

The commutator of an IR tensor product is also an IR tensor and can be expressed through

the commutator of the components as 7
T = 2 CJ.MIJ,H Rouom,

M, H,
In a general case -
{ My, ® Ny Jyw = (=" (R, @ My Yy + K7
For commuting tensors (M @ Ny Y yar = (—1 )J,+J=-J{92J= @ My }ou

It is easy to show (prove it!) that if all components of an IR tensor mutually commute, its IR
tensor product to itself is zero if the productrank | =2(J-n) -1, wheren=0, 1, 2, 3...,
l.e., that

{My @ My}, =0,

for  J=2J—1,27—3,... and K =0



Scalar product is defined for two IR tensors of the same rank
-M * M
(M« Ny = 2 (=1 My Ny = D My Nypr == >, My N
M M M
(M Ny = D=1 Ry Ry = 2 MRy = z My RY
M M M
1 ot
(@]JIJ. QIJ)= (—1) (gjt_} . 92.;) <——— Why?
A scalar product differs only by a numerical factor from an IR tensor product of the rank O:
|
(T, @ R}y = 2 R R, = 57=g D (A RNy
MM M
~ 1 ~ o
{93?, 12y 9?.;} 00— 2 Cou "Mfm.w,gt.w, = W 2 (— 1) 2, R,y
M

(gﬁ‘]' gtJ):(—i)-JVZJ 1 {gﬁJ@g’t"}Oﬂ
(C.mf N,)=V2l +1 {’.)RJ® 92_,}00



An arbitrary vector A can be considered as an IR tensor A, of the rank 1.

For its cyclic components we have A% == (—1)* AI__PL (non-tilded IR tensor).
Ay =4, A=A
From two vectors we can construct IR tensor products of ranks 0, 1, and 2.

{A; ®Bilop» {M @B}y, {81@B),,

Rank O »
(A, - B;) = (A - B) {41 ®Byjoe=—v=(A-B)

7 S 7

Scalar product of two IR _
tensors of the rank 1 Scalar product of two verctors (standartly defined)

Rank 1

{A'l 3 Bl}l "-"'-% [A X B]

i
(A @ By) iy =7 [A X Bly= Y, CHE, 4,5,
My



Rank 2 T3NM |2 =1
(AL @By = N CEAB, =) mriart=iz D (AsBs 4,8,
PR pety=H
p>y

{4 ® Bl}a+2 = Ay By,

1
{A1 @ B1}a+1 = ',72—'- (AgyBo -+ 40844),
1
{A; ®B,); =V (AnB_1+ 24,8y + A1 B 1)y

{
{AQ Bl}z—l = 75-" (4,81 A¢B_,),

{AI ® B1}2—2 = A-—IB—l'

If A is a polar vector and B is an axial vector, how do their IR tensor products of
ranks 0, 1, and 2 change under the inversion operator?



From three commuting vectors we can construct

1
{{AQB}®C = —7? (A.B).C,

Renk0 -+ {(4,® B}, ®Clo=— = [AXB] - €,
1 1 1
(A ®BH®CH=—7AXBIXCl=7AB-0—5gB@A €, < ruk1

"3 (1 1 1
(A®B:®CL=) ${5Ca-B—5B@A-O—5A® O}

Expressions for tensor products of higher ranks (2 and 3) are cumbersome.



Cartesian tensors

An arbitrary Cartesian tensor T, (!, k==, y, z) canbe expressed as

Tik ---/Eﬁ;k "I" JT‘lik + Sik
Term proportional to Antisymmetric Symmetric tensor with a
the unity tesor tensor zero trace

o 1%
E='§'SP(T£?£)=-§ZTH»

1
A= (T —T4,), Ay =—4Ay

q 2
Sm="2"'(Tik+Tki—'§'ﬁik2TH) Ss‘k=Ski’ ZSH:O
i s



Reducing a Cartesian tensor to IR tensors
Rank 0 T op=EFE

Rank 1 An antisymmetric Cartesian (true) tensor can be expressed through an (axial) vector
1
A =¢eq¥; H; =T z et A
and, hence, through an IR (pseudo)tensor of the rank 1:
_ 1 1
T 19 == F , = Agy, Cﬁ“l:]:l"__"}'—‘}-z:(ﬁ;piiaﬁy): +T§(Ayzii“4:x)
Rank 2 A symmetric Cartesian tensor with zero trace yields an IR tensor of the rank 2:

227
0?'2i1 — +-‘/ (Szx + Iszy)'f

AT



Differential operations as IR tensors
grad & = {V, ® ©},,
divA—=—V3{V,;® A )0,
rotA=—iV2{V, @A},
A=Vi=—V3{V;® Vi),
graddivA=—V3{V; @ {Vi® A }o}s»
rotrot A= —2{V, ® {V,® A)); v,
div grad® =~vV3{V, @ {V,; ® ®};}o=—~V3{V; @ V;}, ,
rotgrad @ = —i V2 {V, Q(V, ® 21}, =0,
divrot A=i V6 {V,® {V:® A,},},=0.

S
V=ng—rmxE]

4n d V2
V[.a.ﬂ = (Ylp. '&F—T {Y,® f"l}lp.)

3
L =1 is the orbital momentum operator,

Y, Is the IR tensor of the rank 1, whose cyclic components are ther sperical
functions Y1y (n) [to be defined later], andn=r/r.
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