[1. Addition of angular momenta

0". Reminder: properties of the angular momentum operator

Hermiticity: J+r—=7J
Commutation relations for Cartesian components

[f*h jk]=iaikl'fh [jzi jﬁ]:O (i: k& l-._.—.'l':, Yy Z)
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_ The same for covariant cyclic components
a1y Tul=1Jo, Jol=[T.1, Jal=0,
[f+1a fo] _ [fq: f+1] = _"f+1! [f+1, f-l] = - [j-u f+1] = —J9,
[fo, f-1] - [f-h jo] =—j—ls
[jz' j+1] = [jga j:;] = [js‘ f—-ll == 0.
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The angular momentum is a pseudovector, i.e., it does not change sign after the
Inversion of the co-ordinates (r 2 —r):

P JPR=J, (i=2z, y, 3)

ﬁ,.jp_ﬁ;l =jp_, (=41, 0)

If a system consists of N subsystems, each of them being characterized by its
own momentum, then the total momentum can be defined as:

N
F=> 1@

n—1]1

The momenta related to different subsystems commute.
Matrix elements:  <7'M'| 33| IM> =38 58y o7 (I + 1)

1 —
Cartesian IM + 1] ‘r“’ l JM>=-2' V'(_Ji M+1) (7 + M), Other matrix

elements are zero.
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Cyclic covariant

J must be non-negative integer or half-integer.



Clebsch-Gordan coefficients
Consider (2j, + 1)(2j, + 1) functions < Q,| jym;> < Q.| ],m,>=<Q, Q, | j;m; J,m,>

They form a representation of the rotation group, but not an irreducible one.

< Q| jymy Jomy> = Zj m <21 Q| J1Jo) m> <]y Jo) m[]ymy J,m,>
Clebsch-Gordan coefficient:

Cj’:?m jomy — ety | f1jefm> = {G1fajm | jimyfamg)

CG coefficients are chosen real and c.?fr'}fz >~ 0 (Condon-Shortley convention).
Ja71 J2

CG coefficients are non-zero, only if m;+m,=m, since le + Jzz =] .

The total momentum j takes values | j;— Jo |, |Ji= o |+ 1, ooy Ji+ =1, )1+ s,
each value only once (the triangle rule).

Check: sum of dimensions of these IRs = (2j, + 1)(2), + 1) .
Unitarity:
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Jama

3jm-symbols SR S
J y ( 1 Je .73) —_ (_1)j3+ms+2j1
My my My

C7™s

Jiin, Jomy

If m;+ m, +m;+# 0 then the 3jm-symbol is zero.

Symmetry properties:
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Calculation of Clebsch-Gordan coefficients (Racah‘s algorithm)

iimy =0y oM =02> =iy J2 J= 0y +ip m=itp> ie, CL 2172 =1,
hhizlp

Then apply to the both sides the lowering operator J! (1) +J! <2> J

I, i=h+i,m=j+1i,)=={], Jz\JlJZJ—JﬁJz —11+Jz 1)=
= ’\/J szZj_l CJJ]:_LJ—;__-Ji-ZJZEIirJnZZ 2m2‘11m1_11+12_1 m, Jz >

- _\/Tl‘ j1m1 - Jl -1 j2m2>_\/T2‘ jlml - jl j2m2 _1>

and equate the coefficients in frontof | jym; =J; -1 J,m, =],>inthe rh.s. & in
the l.h.s. ; then the same for | j;m; =j, J,m, =J,— 1 >. Then we obtain
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J]_J]__l IP3p) hh bl

C Wty my+m,
hmy Jomy

forall m; + m, up to — (j; + J, ), where we must end up with a CG that is equal to

and so on, until we calculate

D™ =1 forj=j, +,



Then we construct a linear combination of
[Jimy=j;—=1j,my=),>and |jym =] J,m, =],—

which is orthogonal to | j; J, J=J; + ], m=];+],— 1>, normalize it to 1 and
(later) choose the common sign according to the Condon-Shortley convention.
Then we obtain explicitly | j; J, J=]; + J,— 1 m=j;+],— 1> and CG coefficients

L7 and 2 bl

hh =t olp hh lplt
We apply again the lowering operator and find all CG coefficients for j=j; + J, —
The same procedure applies for all ‘s down to | j; — ], |. The general form of the

recurrence relation is

Jml
hmy Jomy

r_(j,m)=y(j+m)(j-m+1)

I_(j,mC; =T_(j;, m1+1)C +T_(j,, m2+1)C

J '“1Jer Jomy J1’“1 Jomy+1




Wigner D-functions (continued)

—iMa 1] M
“dyrar (B) e T

dynr-(B) = (M [exp(-i 83, ) Im')
Bypaer By =(—1)"" ¥ [(T M)V (T =M1 (T M) (T =M) N5 X
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(cos -2—) (sm -2—)
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Diyr (2, By 1) =e

Sum over all non-negative k providing non-negative arguments of all
factorials.

dyrar (3) can be expressed through special functions (the hypergeometric
function or the Jacobi polynomials).



Addition of rotations.

The first rotation is defined by the Euler angles o, @11 T1 with respect to the
old axes x,y,z (scheme B).

The second rotation is defined by the Euler angles a,, By, T, With respectto
the old axes x,y,z  (scheme B).

The resulting rotation is defined by the Euler angles @, B, T with respect to
the old axes x,y,z  (scheme B).

J

J
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Orthogonality (follows from the properties of the special functions involved):

. o
Sdm S df sin B S d"{DMMf (@, B, )Dym (4, 8, )=
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In physical applications J4 and J, are usually either both integer or both half-
integer. Then the orthogonality relation can be written as
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Completeness
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Recurrence approach to the calculation of D-functions.

For a scalar (J = 0) the corresponding D-function = 1.
The first non-trivial case is J = Y.

N

N\ N\
If J =1, then J,, = Y2 o0,,, Where o

_ y y y
obtain
1
A ()
M Check it!
M 1/2 — 12
1/2 oS 5~ | ~— St —5~
—1/2 sin 5 cOS 5

IS the Pauli matrix. Recalling that Qyz =1, we



We have an obvious expression

MEH Cy oD n (0 8 1Dy (3 B, VCIN 1y, = 8w {T17aT) Dy (2, By 1)
M, (11.%)

1,if Jy+7Ja4 73 isintegerandl Ji—7Jal <73 <Jy 41,
The symbol {/17273} = 0

otherwise

{J,,J,,J5}=1 if the additon of momenta makes sense and = 0 otherwise (triangle rule).

dtp (0) P Check it!
Using Eq. (11.%), we -
can construct M . 0 »
subsequently D- M
functions for all J, _— -
starting fromJ="1%. 1 - cos B sin 3 1 — cos B
! 2 Yz 2
. 1 —cosB sin B 14+ cosp
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Using Eq. (I1.¥), try to prove that

on T 2n ‘
{ da{ apsing § @Dy, (@ 80 1 Dl (00 80 D D, (0 B0 1=
0 0 g

2
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Ji+7Ta+ T3 s integer

Try to prove that for positive integer J

jo
CJOlO =0
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